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In this study, the classical entropy concept is extended to interval-valued fuzzy soft sets in order to objectively
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determine criterion weights by accurately capturing their discriminative power among a set of competing
alternatives. In addition to entropy-based weighting, a novel correlation measure is formulated to enhance the
reliability and robustness of the weighting process by considering interrelationships among criteria. Based on these

theoretical developments, a systematic and structured decision-making algorithm is proposed. The applicability and
effectiveness of the proposed approach are demonstrated through a comprehensive numerical example, which
confirms that the method can efficiently handle uncertainty, vagueness, and incomplete information in complex
multi-criteria decision-making environments.
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1 Introduction

Classical set theory operates with categories that have
clearly defined boundaries; however, most of real-world
and decision-making problems involve to uncertainty and
incomplete information. Zadeh (1965) introduced fuzzy
set theory [1], in which the membership of an element is
expressed by a degree within the interval [0,1]. This
formulation marked a significant advance in modeling
imprecise information. Later, this concept was generalised
into interval-valued fuzzy sets (IVFS) [2], where the
membership degree is represented by a closed interval,
[uV(x), u”(x)]. This extension provides a more
expressive framework, capable of reflecting uncertainty
arising from expert hesitation or data insufficiency. The
basic algebraic operations for interval-valued fuzzy sets
have been defined in the literature by Gorzatczany (1987)
[3].

Soft set theory, proposed by Molodtsov (1999) [4],
offers a parameterized structure designed to handle
diverse forms of uncertainty within a unified framework.
The combination of fuzzy and soft set theories led to the
development of fuzzy soft sets and subsequently interval-
valued fuzzy soft sets (IVFSS) [5]. These hybrid structures
capture both parametric variability and membership
uncertainty, more effective than classical uncertainty
theories in many problems . By utilizing IVFSS, decision-
makers can evaluate alternatives across different criteria
in a more flexible and comprehensive manner.

Determining the relative importance, or weights, of
criteria is a crucial component of the MCDM process.
Weighting techniques are generally classified as
subjective—based on expert opinion—or objective—
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derived from data. Among objective methods, entropy
serves as a fundamental concept that quantifies the
uncertainty or information content of a system. Firstly,
introduced by Shannon [6] in information theory and later
adapted to fuzzy environments, entropy measures the
degree of distinction a criterion provides among
alternatives. A lower entropy value indicates greater
discriminative ability and, consequently, a higher weight.
In the present study, this concept is extended to the
interval-valued fuzzy soft set environment.

This study aims to develop a new entropy-based multi-
criteria decision-making method within the framework of
IVFSS. Building upon the generalization of entropy and
correlation concepts to interval-valued soft sets, a
theoretical foundation is established. Based on this
framework, a systematic and fully objective decision-
making algorithm is proposed, in which the criterion
weights are derived directly from data. The practicality
and effectiveness of the proposed approach are
demonstrated through a detailed numerical example.

The main contributions of this study can be
summarized as follows:

(i) A novel entropy measure is proposed for interval-
valued fuzzy soft sets, enabling the quantification of
uncertainty under both parameterization and interval-
valued membership information.

(ii) A new correlation coefficient is introduced to
evaluate the relationship between interval-valued fuzzy
soft sets.

(iii) An objective weighting mechanism is developed by
integrating entropy and correlation information.

(iv) A decision-making algorithm is constructed and
applied to an interval-valued fuzzy soft decision
environment.
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2 Preliminaries

Definition 1 [2]Let X be a non-empty set, uz: X —
D[0,1], where D[0,1] expresses the set of all closed
subintervals of [0,1]. Then A = {(x,uz(x)):x € X} is
called an interval valued fuzzy set in X.

All interval valued fuzzy sets on X are denoted by
IVES(X). Here puz(x) = [,uz(x), ,uﬁ(x)] can be expressed
by a pair of functions, where ,u}(x) < uﬁ(x) forall x €
X, namely the lower and upper membership functions,
respectively.

Definition 2 [3]Let X be a non-empty set and 4, B €
IVES(X). Then the following operations are defined:

1) If for all x € X, puy(x) < puj(x) and uf(x) <
u?(x), then 4 is called an interval-valued fuzzy subset of
B and is denoted by A < B.

2) 1 uf (o) = min{uf (), ug ()} and pE(x) =
min{u% (x), 5 (x)}for all x € X, then C is called the
interval-valued fuzzy intersection of A and B and is
denoted by € = AAB.

3) I pg () = max{uy (0, uy (0} and ph(x) =
max{uj (x), u5 (x)} for all x € X, then D is called the
interval-valued fuzzy union of 4 and B and is denoted by
D=AvB.

4) If ug (%) = 1= pz (%), g (x) = 1 — g (x) for all
x €X, then E is called the interval-valued fuzzy
complement of 4 and is denoted by £ = A°.

5) If ug(x) = [0,1] for all x € X, then F is called the
interval-valued universal fuzzy set and is denoted by 1.

6) If uz(x) = [0,0] for all x € X, then G is called the
interval-valued empty fuzzy set and is denoted by 0.

Definition 3 [4]Let X be a non-empty set, E set of
parameters, A € E and F;: A — P(X) afunction. Then the
set (F,A) = {(e,F4(e)): e € E} is called a soft set on X.
Here the F, function is called the approximation function.

Example 1 Let be E = {eq, e,,e3}, X = {xq, x5, x5},

Definition 4 [S]Let AC E and f47: A = IVFS(X) be a
function. Then the set (fzE)={(e fi(e)):e€
E,fz(e) € IVFS(X)}is called an interval valued fuzzy soft
set on X. Here, the function frz is called the
approximation function of (fz, E).

Throughout the study, we will denote an (fz E)
interval valued fuzzy soft set with the approximation
function f; for the sake of simplicity. The family of all
interval valued fuzzy soft sets on X with parameter set E
is denoted by IVFS(X,E). In an fj interval valued fuzzy
soft set, the elements whose image is empty may not be
written. Therefore, the parameter set of all interval valued
fuzzy soft sets on X can be considered as E.

Definition 5 [5]Let X be a non-empty set, E set of
parameters. Then the basic operations of interval valued
fuzzy soft sets are defined as follows;

1) Let fa(e), fz(e) € IVFS(X,E). If fi(e) < f5(e)
for e € E, then f; is called the interval valued fuzzy soft
subset of fz and is denoted by fz € f3.

2) Let fz(e), fs(e) € IVFS(X,E). If fec(e) = fa(e) v
fg(e) for all e € E, then the interval valued fuzzy soft set
f ¢ is called interval valued fuzzy soft union of fz and f5 is
denoted by fe = f4U f5.

3) Let fa(e), fs(e) € IVFS(X,E). If fec(e) = fa(e) A
fs(e) for all e € E, then the interval valued fuzzy soft set
f¢ is called interval valued fuzzy soft intersection of f;
and f5isdenoted by fs = fz 0 f5.

4) Let fz(e) € IVFS(X,E). Iffgc(e) = (fz(e))€ forall
e € E,then the f5 is called interval valued fuzzy soft
complement of f3.

5) If fz(e) = 0 for all e € E, then the interval valued
fuzzy soft set fz is called the empty interval valued fuzzy
soft set and is denoted by 5.

6) If fz(e) = 1 for all e € E, then the interval valued
fuzzy soft set fz is called the universal interval valued
fuzzy soft set and is denoted by f 3.

fa = {(e1,{(x1,[0.3,0.9]), (x,[0.2,0.7]), (x3,[0.5,0.6])}), (€2, {(x1,[0,0.3]), (x3,[0.3,11}), (e3, {(1, [0.2,0.8]),

(x,,10.5,0.91))}

and

f5 = {(e1, {(x1,[0.5,0.6]), (2, [0.2,0.8]), (x3,[0.8,0.9])}),
(€2, {(x2,[0.2,0.9]), (x3,[0.1,0.6]}), (e3, {(x1,[0.2,1]), (x5, [0.8,1])}}.

Then;

faU £z = {(e1, {(x1,[0.5,0.9]), (x2, [0.2,0.8]), (x3, [0.8,0.9D}), (€2, {(x1,[0,0.3]), (x2, [0.2,0.9]), (x3,[0.3,1]}),

(e, {(x1,[0.2,1]), (x2,[0.5,0.9]) , (x3,[0.8,1])})}

fan £z = {(e1,{(x1,[0.3,0.6]), (x,[0.2,0.7]), (x3,[0.5,0.6)}),

(€2, {(x3,[0.1,0.6]}), (e, {(x1,[0.2,0.8]))}

fi = {(e1, {(x1,[0.1,0.7]), (x2,[0.3,0.8]), (x5, [0-4,0.5])}),
(€2, {(x1,[0.7,1]), {Cx2, [1,1]), (x5, [0,0.71}), (€3, {(x1,[0.2,0.8]), (x2, [0.1,0.5]), (x5, [1,1]))}
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In [7], Burillo and Bustince introduced several
definitions of intuitionistic entropy for intuitionistic fuzzy
sets. Building upon their work, we extend these concepts
to establish the notions of entropy and correlation within
the framework of interval-valued fuzzy soft sets.

Definition 6 Llet E ={ee,...,e,}, X=
{x1,%5,...x,} and f z, f 5 be two interval valued fuzzy soft
setson IVFS(X, E). The correlation, informational interval
valued energies and correlation coefficients of fz and f 5

are C(f4 f5), T(fa), T(f5) and k(f f5) , respectively,
and are defined in the form

1 n m
A _ A
Hfzavg = %(Z Z Hfs(e; )(€))
i=1 j=1
1 n m
A _ A
/'leAvg - %(Z Z f§(el)(cj))
i=1 j=1
1 n m
v _ v
Hfzavg = ﬁ(z Z .ufz(ei)(cj))
i=1 j=1
1 n m
v _ v
Wptos = Q. D Wiyten(@))

i=1 1

-
1l

n

CAUnf)= ), ) Whacen () ~ Kfaang) Wfaep(©)

i=1 j=1
.ufBAvg)

m

n
CTUafe) = ). D Uaen() = 1 aare) W)
i=1 j=1

_ﬁufBAvg)

Proof.

Since foralli € {1,2,...,n}andj € {1,2

(C*Ufafe)? =

=(

i

M: ‘ﬁMz,
PM: T

1

1l

-y
-

Il

~

i=1 j=1

CFafs) = C*(fafs) -; CV(fafs)
T4(fx) = Zn; zmzl (UFae (€ = K yavg)?
el
0= 3 W) — Ko
==
T%(f5) = i zmzl (Ui (€)= Hfgavg)?
=
TV(f5) = zn: zm: (UF 5o (6) = M gavg)?
==
k®(faf5) = \/%
Untn) = \/chz;ifj}j;g()jfg)
k(o fs) = k*Ufafs) + k" (fafs)

2

Theorem1LletE = {ej,e5,...,en}, X = {x1, %5, ... %}
and fzfs be two interval valued fuzzy soft sets on
IVFS(X,E). Then the following is true;

-1<k(fafs) <1
k(fz fs) = k(fs fa)
Ifk(fa f5) = 1, then fz = f5.

..m}, by the Cauchy—Schwarz inequality, we have

m
z 5000 () = Bing) (o (6) = K ag))?
(.qu(el)( ]) ,quAvg)(:ufB(el)(C]) ,ufBAvg))

> Z K400 () = o) (i p () = Kpang)

n m
<D D Wb () = Hfamog)™

i=1 j=1

M:

1

=1 j=
TUDT(5)

Therefore

m
Z (M?B(ei) (Cj) - #?BAvg)z
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k(fa fs) =
Similarly

kY (faf5) =

Consequently, this shows that =1 < k(f4, f5) < 1.

|C2(fa f5)]
VTAUFDTA(f5)

CV(fafa)l
JTYEDTY (f5)

<1

<1

Considering the definitions, both C2(fz, f5)CY (f4, f5), and the products T (f2). T2 (f5), TV (f).T" (f ) are clearly
symmetric. Therefore k®(fz f5) and kY (fz f5) are also symmetric. Consequently, it follows that k(fz, f5) =

k(fs fa)-

Firstly, the fact that k = 1 implies, by the definiton, that both k = 1 and k¥ = 1. Then we have |[C2(f4 f5)| =

TA(fDTA(f5) and |CY (f4 f3)|

=TV(fOTY(f5)- F|C*(fz f5)| = T*(FDT*(f5), then

n m n m
O Z 0 () = 1 0100) e (@) = Bopang))? = D D (0@ = B ang)?

i=1 j=1

This implies that ,qu(el)(c]) ,quAvg /,L?B(ei)(cj) -
ufBAVg, for all i € {1,2,..m},j € {1,2,..n}. Hence, this
equality holds if and only if 4z, (¢;) = Hf, e (c), for
all i € {1,2,..m},j € {1,2,..n}. Similarly, it follows that
1Y e (€) = Wpen(c), for all i€{12,..m}je€
{1,2,..n}. This clearly shows that f7 = f5.

In order to quantify the degree of uncertainty inherent
in interval-valued fuzzy soft sets, we introduce an entropy
measure analogous to the Shannon entropy [6].

Definition 7 Let E ={eje,...,ey}, X=
{x1,%5,...x,} and fz be an interval valued fuzzy soft set
on IVFS(X,E). Then the number E(fz) is called the
interval valued fuzzy soft entropy and is defined in the
form;

1 m
EGD) =2 E
i=
where
A
A 'qu(ei)(xj)
ij— n N
kzil”fA(ei)(xk)
v
v _ Hiaeo®))
ij— n v
Z s acen ()
Ei = o Z ®ijIn(p)) + pijIn(pi)))-

Here, /‘?A(ei) (xj) and ”]YA(ei)(xj) denote, respectively,
the upper and lower membership degrees of the element
X; € X corresponding to the parameter e € E.

The proposed entropy reflects the uncertainty
contained in interval-valued fuzzy soft information.
Smaller entropy values indicate higher discrimination
among alternatives, whereas larger entropy values imply
greater uncertainty.

i=1 j=1

3. Decision-Making Algorithm Based on Entropy
Weight

In this section, we present a method for handling
multi-criteria decision-making (MCDM) problems under
uncertainty, based on the framework of interval-valued
fuzzy soft sets. The proposed algorithm is designed to
address situations in which the criterion weights are not
known in advance. In this approach, the entropy measure
defined for interval-valued fuzzy soft sets is utilized to
derive the criterion weights, which play a crucial role in
determining the final decision set.

Algorithm
Let X = {xy, x5, ..., X, } be aset of alternativesand E =
{eq, ey, ..., e} be a set of criteria. The evaluation of each

alternative x; with respect to each criterion e; is given by
an interval, representing the degree to which alternative
x; satisfies criterion e;. This information is encapsulated in
an interval-valued fuzzy soft set fz.

Step 1: Calculate the Entropy for Each Criterion
Compute the entropy E; for each criterion e;:

ki = " 2Inn ZJ 1 (pl%ln(plj) + pgln(pu))
where
A H?A(ei)(xj) v _ ”‘jYA(ei)(xj)
17 AN »Pij =

n
2, M atep @) Z B ptep 0
Step 2: Compute the Weight of Each Criterion
Obtain the weight w; for each criterion by normalizing
the degrees of divergence:

W = 1-E;
LT m-E(f3)

554



Cumhuriyet Sci. J., 47(3) (2026) 551-556

Step 3: Construct the Weighted Normalized Decision
Matrix

Multiply the normalized decision matrix by the
corresponding criterion weights:

m BE (e DT 4 (e ()
VV]' — Z w; - fatep)\tJ . fatep\J
)

~

Step 4: Rank the Alternatives

Rank the alternatives in descending order of WW;. The
alternative with the highest W; value is the best choice.
4 . Numerical Example: Vehicle Selection Problem

Computationally, the proposed method requires
entropy calculations for each criterion and weighted
aggregation across alternatives. For a decision matrix
containing m alternatives and n criteria, the
computational complexity is O(mn), which is comparable
to conventional entropy-based weighting approaches.
Therefore, the proposed method remains
computationally efficient even for larger decision-making
problems.

Example 2 A company wants to select the most suitable vehicle among four alternatives X = {xy, x,, x3,x,}. The
evaluation criteria are E = {e; = FuelEconomy, e, = Comfort,e; = Price, e, = TrunkCapacity}.

The interval-valued fuzzy soft set f is given by:

fa = ((e1, {(x1,[0.8,09]), (x5, [0.7,0.8]), (xs, [0.9,1.0]), (x4, [0.6,0.7])}),
(e, {(x1,[0.7,0.8]), (x5, [0.8,0.9]), (x5, [0.6,0.7]), (x4, [0.9,1.0])}),
(es, {(x1,[0.5,0.6]), (x5, [0.4,0.5]), (x5, [0.8,0.9]), (x4, [0.3,0.4])}),
(e, {(x1,[0.6,0.7]), (x5, [0.5,0.6]), (x5, [0.7,0.8]), (x4, [0.4,0.5])})}

Step 1: Calculate entropy for each criterion
For criterion ey:

v 0.8 0.9

P11 = Jar07509506 = 0.267, pf = STosrioToT = 0.265
pY, =32 = 0233, pfy =1, =0235

P =2 = 0300, pfj = = 0.294

PYh = 2o = 0.200, pfy =22 =0.206

E; = —=—(0.267In0.267 + 0.265In0.265 + ) = 0.993

Similarly:
E, =0.993, E; =0.959, E, =0.987

Step 2: Calculate criterion weights
Total entropy:

0.993 + 0.993 + 0.959 + 0.987

E(fa) = ) = 0.9830
W1 = 41—_0(?;9330 - 3%010770 = 0.00232
wy = 22 = 0.00232
wy = 22 = 0.01359
w, = % =0.00431
Step 3: Calculate weighted scores
Wy = 0.00232 - 2222 4 0.00232 - “2% 4 0.01359 - “22° + 0.00431 - 2227 = 0.01399
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W, = 0.00232-0.75 + 0.00232 - 0.85 + 0.01424 - 0.45 + 0.00695 - 0.55 = 0.01220

W; = 0.00232 - 0.95 + 0.00232 - 0.65 + 0.01424 - 0.85 + 0.00695 - 0.75 = 0.01850

W, =0.00232 - 0.65 + 0.00232 - 0.95 + 0.01424 - 0.35 + 0.00695 - 0.45 = 0.01041

Step 4: Rank alternatives
Ranking: x5 > x, > x3 > x4

Result: Vehicle x5 is selected as the most suitable
alternative.

5. Conclusion

In this study, the classical entropy concept has been
successfully extended to the interval-valued fuzzy soft set
framework. Unlike existing entropy-based approaches
that primarily focus on fuzzy sets or intuitionistic fuzzy
sets, this study introduces a novel entropy measure
specifically designed for interval-valued fuzzy soft sets,
capturing both parametric variability and membership
uncertainty simultaneously. Furthermore, while most
studies in the literature rely on subjective expert
judgments or predefined weighting schemes, the
proposed method derives criterion weights entirely from
the data through a novel combination of entropy and

correlation measures. This integration of entropy and
correlation within the interval-valued fuzzy soft set
environment distinguishes the present study from
previous works, as it not only measures the discriminative
power of each criterion but also accounts for
interrelationships among criteria. A comprehensive
numerical example for a vehicle selection problem has
demonstrated the applicability and effectiveness of the
approach. The results confirm that the proposed method
provides a more robust and objective decision-making
framework compared to existing methods, particularly in
complex environments involving uncertainty, vagueness,
and incomplete information. Future research may focus
on extending the proposed method to other hybrid soft
set structures and developing new entropy measures for
different types of uncertainty.

It should be noted that the primary objective of the
present study is the theoretical development of entropy
and correlation measures for interval-valued fuzzy soft
sets. The proposed decision-making algorithm and
numerical example are intended to illustrate the
applicability of these newly introduced concepts in
practical decision environments. Therefore, extensive
comparisons with existing decision-making methods have
not been included in the current work. Such comparative
analyses would require the adaptation of alternative
weighting and ranking frameworks to the proposed
entropy and correlation measures and constitute a
separate research direction. Future studies will focus on
comprehensive comparisons with existing entropy-based
and interval-valued fuzzy decision-making approaches, as
well as applications involving real-world datasets, to

further investigate the effectiveness, robustness, and
practical performance of the proposed framework.
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