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Abstract
In this study, the magnetic field, hydrostatic pressure and temperature dependent electronic 
and optical properties of asymmetric quantum wells which have some exponential poten-
tials in the absence and presence shallow donor impurities are investigated. Calculations 
are made within the framework of the effective mass and parabolic band approximations. 
In the absence and presence of the donor impurity, we calculated the total absorption coef-
ficient including linear and nonlinear terms for transitions between the lowest two levels. 
In addition, by using a variational approach, we investigated the binding energies of the 
1 s and 2 s donor impurity states The results show that the total absorption peaks shift to 
the blue shift with the effect of external perturbations, whereas redshift in the presence of 
impurities. This indicates that the impurities can effectively change the band gap of semi-
conductors, allowing the semiconductor to absorb lower energy photons, and making it 
possible to design materials with special optical properties such as light absorption and 
emission properties.

Keywords  Morse potential · Rosen-Morse potential · Tietz-Hua potential · Magnetic field · 
Hydrostatic pressure · Temperature · Binding energy

1  Introduction

Studies on the electronic and optical properties of low-dimensional systems have 
addressed the effects of different size and structure geometry, electric, magnetic and 
intense laser fields as well as hydrostatic pressure and temperature. One of the most 
important properties of low dimensional systems is that it can be doped with differ-
ent types and concentrations of impurities to dramatically vary their physical, thermal, 
electrical, and optical properties. Thus, the impurities play a vital role in determining 
the impurity states in low-dimensional semiconductors and thereby can be exploited 
to control the optoelectronic properties of a wide range of semiconductor devices. As 
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known, impurities modify the band structure of semiconductor materials, the presence 
of impurities create the new energy levels within the bandgap, influencing the electronic 
and optical properties of the material. This is particularly important in the design of 
devices like transistors, lasers, and photodetectors. In this context, impurities can be 
used to tune the optical properties of semiconductor heterostructures. This is essential 
for applications such as light-emitting diodes (LEDs) and lasers, where precise control 
over the emission wavelength is required (Burgess et  al. 2016; Luo et  al. 2020). The 
binding energy plays an important role in the reliability and long-term performance of 
semiconductor devices. If impurities are not securely bound within the lattice, they may 
diffuse or migrate over time, leading to changes in device characteristics. Controlling 
the impurity binding energy is therefore crucial for ensuring the stability and durability 
of semiconductor devices. As a result, the intentional introduction of impurities and the 
control of impurity binding energy in semiconductor heterostructures are key aspects 
of semiconductor device design and fabrication. These factors allow engineers to tailor 
the electronic, optical, and transport properties of semiconductor materials, enabling the 
development of high-performance and reliable electronic devices. For this reason, elec-
tron states bounded to hydrogenic impurities and the binding energies have been exten-
sively investigated for different semiconductor heterostructures in order to understand 
their dependence on the external fields, material and geometry parameters (Dakhlaoui 
et  al. 2023a, b; Rezaei and Doostimotlagh 2012; Kasapoglu et  al. 2004, 2008; Fak-
kahi et al. 2021; Datta et al. 2023; Hu et al. 2018; Kasapoglu 2008, 2009; Lima et al. 
2007; Sadeghi and Naghdi 2014; En-nadir et al. 2023). In this study, we investigated the 
effects of the magnetic field, hydrostatic pressure and temperature on the electronic and 
optical properties of asymmetric quantum wells (QWs) with some exponential poten-
tials such as standard Morse, improved Rosen-Morse and Tietz-Hua in the absence and 
presence of donor impurities.

2 � Theory

In the effective mass approximation, The QW Hamiltonian as a function of the hydro-
static pressure and the temperature in the presence of a magnetic field is given by

where p⃗ is the momentum of the electron, A⃗
(
r⃗
)
 is the vector potential of the magnetic field, 

magnetic field is applied perpendicular to the growth direction (z-direction), i. e., magnetic 
field and vector potential have the forms of B⃗ = (B, 0, 0) and A⃗ = (0,Bz, 0) , e is the elemen-
tary charge, c is the speed of light.

m∗(P,T) and � (P, T) are the hydrostatic pressure and temperature dependent effec-

tive mass of electron and static dielectric constant, r =
√

�2 +
(
z − zi

)2 is the distance 

between the electron and donor impurity in the (x–y) plane ( � =
√
x2 + y2 ), z and zi are 

the coordinates of electron and donor impurity, respectively.
The hydrostatic pressure and temperature dependent effective mass for the electron is 

given by Sali and Satori (2014), El-Bakkari et al. (2018) and Ehrenreich (1961)
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1

2m∗(P,T)
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+ V(z,P, T) −
e2
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where m0 is the free electron mass, EΓ
p
= 7.51eV is energy related to the momentum matrix 

element for T = 0, Δ0 = 0.341eV is spin–orbit splitting and EΓ
g
(P,T) is the hydrostatic pres-

sure and temperature dependent energy gap for the GaAs quantum well at the Γ-point in 
the units of eV. It is given by Kasapoglu et al. (2008); Welber et al. 1975)

where EΓ
g
(0, T) = 1.519 −

(
5.405 × 10−4T2

)
∕(T + 204)eV.

The hydrostatic pressure in the unit of kbar and the temperature in the unit of Kelvin (K) 
dependent static dielectric constant is given by Kasapoglu et al. (2008); Welber et al. 1975)

where the charge image effects have not been considered (i.e. �w(P,T) = �b(P,T)). In the 
presence of the shallow donor impurities, the energies of the 1 s and 2 s states are calcu-
lated through a variational approach. For each state, the trial wavefunction-�(�,�, z, �) is 
as follows

where �(z) and �(r,�, z, �) are the envelope wavefunctions and hydrogenic wave functions.
The hydrogenic type wavefunctions for 1 s and 2 s states are given by Ed-Dahmouny 

et al. (2022)

respectively. Where N1 and N2 are the normalization constants, �1s and �2s are the vari-
ational parameters.

The binding energy of the ground and first excited impurity states is given by

where, Ez is the ground-state energy of electron in the QW and second term gives the 
impurity energies E1s and E2s which are found by minimizing the expectation value of the 
Hamiltonian in Eq. (1) with respect to �1s and �2s , respectively. To solve the Schrödinger 
equation for Hamiltonian in the Eq. (1) which means to find �(z) and Ez , is used the diago-
nalization method by choosing orthonormal base functions that are solutions of an infinite 

(2)
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square quantum well with L-width. L is at the far end of the QW which is large enough 
when compared with the QW widths considered, and its value is determined according to 
the convergence of the energy eigenvalues. When calculating the wave function�(z) , we 
ensured that the Ez eigenvalues are independent of the chosen infinite potential well width-
L, and the wave functions are localized in the well region. This method requires embedding 
any well potential into an infinite square well, whose presence of the confining walls does 
not affect the solutions. The method used for calculating the wave functions and energy 
levels has been previously used in many studies and the accuracy degree is quite sufficient, 
see for instance (Kasapoglu et al. 2019; Duque et al. 2011).

V(z,P,T) is the QW potential that confines the electron. Functional expressions of the 
potentials as a function of position, pressure and temperature we used in this study are 
given as below,

and are called standard Morse, improved Rosen-Morse (IRM), and Tietz-Hua (TH) poten-
tial functions, respectively. where zo is the minimum point of the potential, it shows also the 
distance from the equilibrium position, Vo(P, T) is the temperature and hydrostatic pressure 
dependent finite barrier height, k(P) is the hydrostatic pressure dependent width parameter 
( k and � are the structure parameters that control the well width and the potential depth), 
and its pressure dependence is given given by Welber et al. (1975) and Mora-Ramos et al. 
(2012)

where k0 is the value in the zero hydrostatic pressure, S11 = 1.16 × 10−3kbar−1 and 
S12 = −3.7 × 10−4kbar−1 are the elastic for GaAs material. The barrier height is given by 
Restrepo et al. (2013)

where Qc(= 0.6) is the conduction band offset parameter, xAl is the mole fraction of alu-
minum in Ga1−xAlxAs layer ( xAl = 0.3 ), and ΔEΓ

g
(x,P) is the hydrostatic pressure depend-

ent band gap difference between quantum well and the barrier matrix at the Γ-point. It is 
given by

where

ΔEΓ
g

(
xAl

)
 is the variation of the energy gap difference.

(9)VM(z,P,T) = V0(P, T)
(
1 + e−2z∕k(p) − 2e−z∕k(p)

)
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ez∕k(P) + 1

)2
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After obtaining the eigenvalues and eigenfunctions from the solution of Eq.  (1), lin-
ear, third order nonlinear and total absorption coefficients (TAC) are found for transitions 
between any two electronic states by using the perturbation expansion and the density 
matrix methods (Dakhlaoui et al. 2023a, 2023b; Kasapoglu 2008; Kopf et al. 1992; Bask-
outas et al. 2011; Keshavarz and Karimi 2010; Karabulut et al. 2011; You et al. 2021; Zhao 
et al. 2020), respectively

where, �r = n2
r
�0 is the real part of the permittivity, nr =

√
� (depending on the tempera-

ture value, and �-value in (i) or (ii) of Eq. (4) is used), �V is the carrier density in the sys-
tem, �o is the vacuum permeability, in the absence donor impurity Eij = Ej − Ei is the 
energy difference between two energy levels of the electron (in the presence of donor 
impurity, it is defined as E12 = E2s − E1s or E12 = E2s

b
− E1s

b
 ), Mij =

���⟨�i
��ez����j

����, (i, j = 1, 2) 
is the transition matrix element between the eigenstates �i and �j for incident radiation 
polarized in the z-direction, Γij(= 1∕Tij) is the relaxation rate, Tij is relaxation time of the 
interlevel transition, c is the speed of the light in free space, and I is the intensity of inci-
dent photon with the �-angular frequency that leads to the intersubband optical transitions.

3 � Results and Discussions

The parameter values in our numerical calculations are �o = 8.85x10−12C2N−1m−2 , 
T12 = 0.4 ps,Γ12 = 1∕T12 , �o = 4� x10−7Hm−1 , �v = 3.0x1022 e/m3 and I = 5.0x108 W∕m2 . 
These parameters are suitable for GaAs/ GaAlAs hetero-structures (Maleki et al. 2023).

For B = 0 and B = 15T  values of the magnetic field, potential profiles of the standard 
Morse, IRM, and TH QWs and the squared wave functions of the ground state electron 
confined in the specified wells as a function of the z-coordinate are given in Fig.  1a–c, 
respectively. When the �-parameter approaches to zero, the TH QW turns into the standard 
Morse QW. It should be noted that the results obtained in this study are only for ko = 20nm 
(in the case of = 0 k = 20nm ) and � = 0.05 . In Fig. 1b, if the parameter-zo equals to zero, 
the structure has a symmetrical character, if not zero, it becomes asymmetrical character. 
It should be noted that, in this study it is preferred the asymmetric structure because in 
the symmetric case since the two s-like states considered in the transition states have even 
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√
�o
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|||
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Fig. 1   For k = 20nm (in the 
absence of the pressure, k is 
equal to ko ), quantum well 
profiles with the exponential 
type confinement potential, 
and squared wave functions 
corresponding to the ground 
state of the electron localized 
within the well as a function of 
the z-growth direction coordi-
nate: standart Morse QW (a), 
Improved Rosen-Morse QW for 
zo = 2.5nm (b), and Tietz-Hua 
QW (c). Black lines (red lines) 
are for B = 0(B = 15T  ). The 
energy axis value of the wave 
functions shows the energy of the 
relevant level



Effects of the magnetic field, hydrostatic pressure and… Page 7 of 15     85 

symmetry the dipole matrix elements would be zero and also the transition would not be 
observed.

The variations of total absorption coefficients for a transition that is called the (1–2) 
transition between the ground and first excited states of an electron confined in the quan-
tum well as a function of the incident photon energy according to some values of mag-
netic field, hydrostatic pressure, and temperature are given in Fig. 2a–c for the Morse QW, 
IRMQW, and THQW, respectively. Due to the strong confinement created by the magnetic 
field, the energies of the first two lowest levels of the electron and the energy difference 
between these levels increase, and so the absorption peaks shift towards higher photon 
energies with increasing amplitudes for all three QW profiles we examined. As the hydro-
static pressure increases, the dielectric constant and well width decrease, while the ener-
gies considered, the energy difference between these levels, and the effective mass of the 
electron increase. For this reason, a blue shift is observed in the peak positions according 
to the peak positions observed in the absence of magnetic field, hydrostatic pressure and 
temperature. But this shift is less than that in the magnetic field. In addition to the effects 
of pressure, as the temperature increases, the redshift not noteworthy in the peak positions 
is observed due to the slight decrease in the energy difference between the energy levels of 
interest. As seen at the insets of Figs. 2a and c, amplitudes and positions of the absorption 
peaks for QWs in Fig. 1a and c become very close due to the decreasing �-value. Finally, 
for � = 0 , the results for both structures overlap completely.

When the absorption peaks belong to the QW profile in Fig. 1b are compared with those 
of the other structures, it is seen that the peak amplitudes are smaller and the peak positions 
are located at lower photon energies. As known, the bleaching effect occurs if the light 
intensity that provides optical transitions is very strong, and two energy levels of interest 
for the transition are close to each other. It is observed that the bleaching effect disappears 
when lower light intensity than here is used, apart from changing the structure parameters 
and/or applying external fields (Maleki et al. 2023). With the effect of the strong confine-
ment created by the magnetic field, the bleaching effects observed in the absence of the 
magnetic field disappear. And indeed, while this effect in Figs. 2a and c disappears thanks 
to external perturbations, it is observed to decrease significantly in Fig.  2b. Due to the 
strong confinement created by the magnetic field, the energies of the first two lowest levels 
of the electron and the energy difference between these levels increase for all QWs.

To better see the differences between Fig. 2a, c and b, the variations of total absorption 
coefficients for the (1–2) transition of the electron confined in all QW types considered 
for three different hydrostatic pressure values as independent from temperature and mag-
netic field as a function of the incident photon energy are given in Fig. 3. As the pressure 
increases, the absorption peaks shift to blue with increasing amplitudes, the peaks belong-
ing to the IRM QW with respect to the other QWs are located at lower photon energies 
and they have smaller amplitudes. When the peaks belonging to the other two wells are 
compared, it is observed that although the peaks are very close to each other, the peaks 
belonging to the TH QW have larger amplitudes and are located at higher photon energies.

The binding energies of 1 s and 2 s impurity states versus the impurity position-zi for 
different magnetic field, hydrostatic pressure and temperature values are given in Fig. 4a–c 
for the standard Morse QW, IRM QW, and TH QW, respectively. Solid and dashed lines 
correspond to the binding energies of 1 s and 2 s impurity states. The binding energy for 
the 1 s impurity state is always greater than that of 2 s or the other excited impurity states 
because the Coulomb interaction between the electron and 1  s- donor impurity level is 
the strongest compared to the others (Kasapoglu et al. 2023; Kasapoglu et al. 2016). For 
impurities located where the probability of finding an electron is maximum (minimum) 
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Fig. 2   For ko = 20nm , the 
variation of total absorption 
coefficients for a transition that 
is called the (1–2) between the 
ground and first excited states 
of an electron confined in the 
quantum well as a function of the 
incident photon energy according 
to the magnetic field, hydrostatic 
pressure and temperature values: 
Morse QW (a), Improved Rosen-
Morse QW (b), and Tietz-Hua 
QW (c). Insets at the figure a 
and c shows total absorption 
coefficients corresponding to 
the Morse and Tietz-Hua QWs 
for � ≠ 0 and � = 0 without 
magnetic field, pressure and 
temperature
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the binding energy becomes maximum (minimum), because the variation of the binding 
energy versus the impurity position completely overlaps the spatial distribution of the wave 
function of the electron confined in the quantum structure. Where the external perturba-
tions taken into account make the electron more energetic and cause it to be spatially con-
fined in a narrower region, resulting in an increase in the Columbic interaction between the 
electron and the donor impurity and an increase in the binding energies of each impurity 
state of interest. As clearly observed from the magnetic field results, this undoubtedly leads 
to a shift of the binding energy maximum.

In the presence of donor impurity, the effects of external perturbations are as follows: 
(i) Due to the magnetic field causes additional confinement, energy of electron increases, 
while the left side of the QWs considered becomes sharper and also rises to infinity, and 
results in the minimum points of these wells also shift towards zero. (ii) As the hydrostatic 
pressure increases, the decrease in the dielectric constant and well width, as well as the 
increase in the effective mass of the electron, leads to a stronger confinement within the 
QW of the electron, and the binding energy increases because this increases the finding 
probability that the electron and the donor impurity are in the same plane. The increase 
in donor binding energy due to hydrostatic pressure is higher than the increase due to the 
magnetic field. (iii) With the effect of temperature, the geometric limitation weakens at the 
same rate due to the slight increase in the width parameter-k . As the spatial spread of the 
electron increases, the binding energy also decreases in an insignificantly as the probability 
of being found near the impurity decreases.

To better analyze the behavior of the absorption peaks, the transition energies between 
the two lowest s-like impurity states versus the impurity position for different magnetic 
field, hydrostatic pressure and temperature values are given in Fig. 5a–c for Morse QW, 
IRM QW, and TH QW, respectively. As can be seen from these figures, the change of tran-
sition energies against the impurity position is the same as the change of impurity bind-
ing energy against the impurity position under the external perturbations considered. As 
mentioned above, the impurity binding energy is determined by the degree of probability 
of finding the electron and the impurity in the same plane. If the impurity is placed at the 
position where the electron probability density of the subband state becomes maximum, 

Fig. 3   For ko = 20nm , the vari-
ations of total absorption coef-
ficients for the (1–2) transition 
of the electron confined in all 
quantum well types considered as 
a function of the incident photon 
energy for different hydrostatic 
pressure values as independent 
from temperature and magnetic 
field
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Fig. 4   The binding energies of 
1 s and 2 s impurity states versus 
the impurity position-zi for dif-
ferent magnetic field, hydrostatic 
pressure and temperature values: 
Morse QW (a), Improved Rosen-
Morse QW (b), and Tietz-Hua 
QW (c). Solid and dashed lines 
correspond to the binding ener-
gies of 1 s and 2 s impurity states
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Fig. 5   The transition energy 
between the first two impu-
rity states versus the impurity 
position for different magnetic 
field, hydrostatic pressure and 
temperature values in Morse QW 
(a), Improved Rosen-Morse QW 
(b), and Tietz-Hua QW (c)
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there will be a strong coupling between the impurity and the subband state. Thus one 
would obtained an increment in the binding energy. Therefore, where the binding energy 
is large, the transition energy will also be large or vice versa as seen from the equation 
E12 = E2s − E1s or E12 = E2s

b
− E1s

b
.

The variation of the TAC for the (1 s-2 s) transition between the first two impurity states 
versus the incident photon energy with respect to the magnetic field, hydrostatic pressure 
and temperature values are given in Fig. 6a–c for the Morse QW, IRM QW, and TH QW, 
respectively. Where, only for zi = 0 donor position, the TAC corresponding to the 1 s-2 s 
transition is given. The peak position of the TAC shifts towards the blue with decreasing 
magnitudes due to the increase in the transition energy compared to the peak positions 
independent magnetic field, pressure, and temperature. As can be seen from the figures 
given for the (1  s-2  s) transition energies, the peak positions of TAC will shift to lower 
photon energies for off-center donor impurity positions. Under the influence of the mag-
netic field, the absorption peaks have very low amplitudes due to the very small values of 
the dipole matrix elements and peaks shift to the lower photon energies with respect to the 
peaks dependent pressure and temperature. In the presence of impurities, it is observed the 
redshift in the absorption peak positions. This indicates that the presence of impurities can 
effectively change the band gap of semiconductors, allowing the semiconductor to absorb 
lower energy photons, and making it possible to design materials with special optical prop-
erties such as light absorption and emission properties. Tuning the bandgap is essential 
for applications such as photodetectors, solar cells, light-emitting diodes (LEDs), and laser 
diodes.

4 � Conclusion

In this study, the binding energies of the 1 s and 2 s donor impurity states by using a vari-
ational approach, in the absence and presence of the donor impurity, the total absorption 
coefficient including linear and third-order nonlinear terms for transitions between low-
est two electron levels are investigated for different QW profiles under the effects of the 
magnetic field, hydrostatic pressure and temperature. Dependence of binding energy on 
impurity position has the same behaviour with the spatial distribution of the wave func-
tion of the electron confined in the QW. Therefore, the binding energy becomes maximum 
(minimum) for impurities located where the probability of finding an electron within the 
QW is maximum (minimum). Magnetic field and hydrostatic pressure cause electron to be 
spatially confined in a narrower region, resulting in an increase in the Columbic interac-
tion between the electron and the donor impurity and an increase in the binding energies of 
each impurity state of interest. The results show that depending on the magnetic field, pres-
sure, and temperature, the total absorption peaks shift towards blue in the absence of impu-
rities and shift towards red in the presence of impurities. These results show that impurities 
can effectively change the band gap of the semiconductors, allowing the semiconductor to 
absorb lower energy photons and making it possible to design materials with special opti-
cal properties, such as light absorption and emission properties.
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Fig. 6   The variation of the total 
absorption coefficient for the 
(1 s–2 s) transition between 
the first two impurity states for 
on-center donor impurity versus 
the incident photon energy with 
respect to the magnetic field, 
hydrostatic pressure and tem-
perature values in Morse QW (a), 
Improved Rosen-Morse QW (b), 
and Tietz-Hua QW (c)
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