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Abstract. In this manuscript, it is aimed to convert the topology on a set X which is on a nearness approximation space to
new set families via indiscernibility relation. Then, if the open sets of the present topology are defined as the set of related
elements, the set families, which have weakly related elements, will be obtained. Finally, the topological properties and

concepts that these new families hold will be examined.
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Even though the nearness concept is mentioned
in earlier literature, near set concept is first given
in the article "Near sets. Special theory about near-
ness of objects" by J. Peters in 2007. In this study,
Peters construct the Nearness Approximation Space
by using indiscernibility relation that he constructed
via the functions representing object features. Fol-
lowing Peters article, many researchers applied this
new set theory to different areas of mathematics
([1-10]) based on Nearness Approximation Space.

On the other hand, the nearness concept in math-
ematics was first encountered in the concept of
neighborhood. Neighborhood is roughly defined as
\the set of the elements which are close to point with
a certain distance". Outside of the conventional math-
ematics, itis also possible to refer to nearness by using
the distance between two points in any metric space.
In topological spaces, the concept of open sets is a
natural way of defining the nearness of points. This
nearness concept is the state of being the element
of the same open set without being bound to a dis-
tance independent of the metric spaces. It can briefly
be said that the nearness concept is a fundamental
approximation of construction of topological spaces.

*Corresponding author. S. Atmaca, Cumbhuriyet University,
Department of Mathematics, 58140 Sivas, Turkey. E-mail:
seatmaca@cumbhuriyet.edu.tr.

In this manuscript, it is aimed to convert the topol-
ogy on a set X which is on a nearness approximation
space to new set families via indiscernibility relation.
Then, the set families, which have weakly related
elements, will be obtained when the open sets of
the present topology are defined as the set of related
elements. Finally, the topological properties and con-
cepts, these new families hold, will be examined.

1. Introduction

In this section, we give properties and some defi-
nitions of near sets defined by Peters [3, 6].

Object Description
Object Description

Symbol | Interpretation

R Set of Real Numbers

o Set of perceptual objects,

X set of sample objects,

X x € O sample objects,

F A set of functions representing object features,
B BCF

[} @ : O — RL, object description,

L is a description length,

i i<L

7 @i : X — R probe function, where ¢; € B.
D(x) P(x) = (1 (%), p2(%), ..., 9L (X))

ISSN 1064-1246/20/$35.00 © 2020 — IOS Press and the authors. All rights reserved


mailto:seatmaca@cumhuriyet.edu.tr

6850 S. Atmaca / r-Near topologies on nearness approximation spaces

Objects are known with their definitions. For
instance, when we say the definition of x € O object,
we mean ®(x) functional value sequence. The impor-
tant thing here is the selection of necessary probe
function ¢; : O — R to define object. Here, the less
the given functions quantity the weaker the definition
of the object. We can give the closest definition of
the object by multiplying the functions. Let B C F
be the set of functions which presents the descrip-
tion of the object. Then ¢; functions over set B
give us a close definition about the object. So, if
we define a vector valued function such as ®(x) =
(p1(x), p2(x), ..., pr(x)), this will be a basis for the
definition of the object.

features, B C F and ~ pbe indiscernibility relation.
Then the triple FAS = (O, F, ~p) is called Funda-
mental Approximation Space.

Definition 4. [5] Let (O, F, ~g) be a Fundamental
Approximation Space and A € O.

(1) The set of union of [x]gp € O/ ~p which is
subset of A, is called B lower approximation of A
and denoted as

B.A= U [x]p.
[x]pcA
(2) The set of union of [x]p € O/ ~p elements,
whose intersection with A is non-empty, is called B

upper approximation of A and defined as

. B*A = U [x]B.
Nearness of Object [x]pgNA # @
Relation and Partition Symbols

Symbol | Interpretation

~p ~p={(x, x") : p(x) = (x), Vo € B}, indiscernibility relation,

[x]B [x]p = {x € X : x ~p x} elemantary class,

0/ ~p 0/ ~p={[x]p : x € O} quotient set,

Ay, Ay = |<p,~(x) - gai(x’)l, probe function difference.

Definition 1. Let x, X’ € O and B C F. Then
~p={(x,x) € O x 0: Ay, =0, Vg, € B}

is called the indiscernibility relation on O, where the
description length i < |®P|.

(3) The boundary of A is denoted as BndpA and
defined as

BndpA = BFA\B,A={xe€ O:xe€ B*A and
x ¢ BA}.

Nearness Approximation Space

Nearness Approximation Space Symbols

Symbol Interpretation

B BCF

B, r < | B| probe functions in B,

~B, B, Indiscernibility relation defined using B;,

[x]B, [x], = {x € X : x ~p, x}, equivalence class,

O/ ~p, 0/ ~p,= {[x]p, : x € O}, quotient set,

N,(B) N,(B) ={0/ ~p,: B C B}, setof all O/ ~p pattitions,

N.(B)+A | N.(B)sA= U [x]p,, lower approximation,
[x]p, CA

N,.(B*A | N.(B)*A = U [x]B,, upper approximation,
[x]p,NA #+ &

In the equivalence relation given in the above, it
can be said that all the definitions of the objects x and
x’ in the same equivalence class are the same, that
is, the objects are very near to each other or even the
same.

Definition 2. [5] Let B C F be a set of functions

representing the features of objects x, x’ € O. Objects

x, x/ are called minimally near each other if there

exists ; € B such that x ~(4; X', Ay, = 0. We call

it the Nearness Description Principle (NDP).
Fundamental Approximation space

Definition 3. [5] Let O be a set of perceptual
objects, F be a set of functions representing object

Indiscernibility relation can be defined for each
subset By, suchthat B, C B C Fand|B,| = r.Letus
denote that relation with ~p . ~p can form different
decomposition for each r over O. Here, ~ p_separate
O to [x]p, nearness classes and O/ ~p = {[x]p, :
x € O} set is quotient set. Consequently, N.(B) =
{0/ ~p,: B, € B} set of all O/ ~p partitions is
obtained.

Definition 5. [5] Let O be a set of perceptual objects,
F be a set of functions representing object features
and B C F. Then quadruple of NAS = (O, F, ~3,
, N+(B)) is called Nearness Approximation Space.
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Definition 6. [5] Let (O, F, ~p,, N.(B)) be a Near-
ness Approximation Space and A C O.

(1) The union of [x]p, € O/ ~p, elements, whose
are subset of A, is called B, lower Approximation of
A and defined as

N,(B),A= U .
(B)« ] CA[X]B,

B <
(2) The union of [x]p, € O/ ~p, elements, whose

intersection with A is non-empty, is called B, upper

Approximation of A and defined as A

N.(B)*A = U .
ABA= Y s,

The Rough Set theory proposed by Pawlak consists
of the upper and lower approximation of a set and is
obtained with the help of a relation that matches the
properties of the object called indiscernibility rela-
tion. The near set theory is a more general version of
the mentioned set theory. This theory is also based on
the indiscernibility relation, but here the indiscerni-
bility relation is considered not for all the functions
that give the object properties but separately for each
subset. In this way, the partitions of the set of objects
are obtained. According to the number of functions
(r), Ny(B) sets are formed by the combination of
these partitions. Similar to the rough set theory, lower
and upper approximations are obtained based on the
N,(B) set. Therefore, unlike the equality in the rough
set theory, this system, created in the near sets, is
to characterize the number of common properties of
objects. The increase in the number of these common
properties increases the nearness of objects to each
other. Also, if we use all the functions that give the
object properties, the approaches in the near set and
those in the rough set coincide.

2. r-Near topological spaces

Definition 7. Let (O, F, ~p,, N-(B)) be a Near-
ness Approximation Space, X € O and (X, 7) be a

Ni(B)*(@) =
Ni(B)*(X) = X
Ni(B)*({c}) = {a, c, e}
Ni(B)*({fa, b, c}) = X
NiB)*({c.d, e, f}) = X

topological space. The family 7} = {N,.(B)*(G):
G € 7} is called r-near topology which generated by
family (O, F, ~p,, N,(B)). The elements N,(B)*(G)
are called r-near open sets. Complement of r-near
open sets are called r-near closed sets.

Throughout the paper, N, (B)*(G) r-near open sets
are denoted as G for simplicity unless specified oth-

erwise. The family of all r-near closed sets in 7" is
denoted as 7.

Example 1. X = {a, b, ¢, d, e, f}, B = {¢1, 2, ¢3}
a set of functions representing object features and
t=1{2, X, {c}, {a, b, c}, {c,d, e, f}}. Then function
@; defined as

‘ a b ¢ d e f
o |0 1 0 1 0 1
¢ |0 1 2 0 1 1
3 |0 1 2 3 0 1

Let us construct the equivalence classes for each r-
combination. These equivalence classes are formed
as

lalipy = {a, c, e}, [blyp;y = (b, d, [}

lalig,y = {a, d}, [Dlip,y = (b, e, [}, [clipy) = {c}

laligsy = {a, e}, [Dligyy = {D, [}, [cligs) = {c}
[d]ipsy = {d},

[alip).pn) = {a}, [Dlig).p0) = (D, f1,
{c}, [dlip1.0) = {d}, [elig),00) = {e}

[alipr,3) = {a, e}, [Plig;,p3) = {b, [}, [Clig1.03) =
{c}, [dlig).p3) = {d}

[alig.p3) = {a}, [Dligy.ps) = 10, f1, [
{c}, [d)igr.03) = {d}, [eligr.05) = {e}

[al(p1,02.03) = {a}, [bltp1,02.03) = {b, [},
gci{wl»wz,%} = {c}, [d)ig1.02.03) = {d}, [e)ig1,00.03) =
e}.

Where the set of equivalence classes for each
r-combination are formed as

N1(B) = {laligy}> [Pligy)> [aligy) [Bliga}s [elig)s
[aligs)s [Bigs}s [cligs)s [d]igs)}

N2(B) = {[alip,.¢2}» [Plig1.0)>
[lipr.02)s [dNig1.02)> [€lior.02) [a)igrp3)> [Pigy.g)s
[cligre3) [dlie1.03)5 [al(gr.03)s [P]i0r.03)5 [€lign.g)s
[d)ig2.03)> [€)igr,03)}

N3(B) = {[alip).pr.03)> [Dlig1.02,03)> [Cligr.2.03)

[d)(g1.02.03)> [€ig1.02.03))-
Let us now construct the ¥ r-near topology. Where

()i} =

Nirps) =

No(B)*(2) = N3(B)* (@) =

N2(B)*(X) = N3(B)*(X) =

No(BY*({c}) = {c} N3(B)*({c}) ={ }

No(B)y*({a, b, c}) = {a,b,c,e, f}  N3(B)*({a, b, c}) ={ ¢, f}

No(B)*({c,d, e, fH=X N3(B)*({c,d, e, f})
and 7 ={9, X, {a, ¢, e}}. Similiarly 73 = {9, X,
{c}. {a,b,c,e, f}}and 75 = {2, X, {c}, {a, b, c, f},
{b,c,d, e, f}}.

As seen in the Example 2, even-though t{ and 73
families are topology, T5 family is not a topology. Let
us show which of the terms of being topology that t*
families satisfy.
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Remark 1. Notice that the N1 (B) and N,(B) families
are not partitions of 0. However, the N3(B) family is
a partition. This confusion arises from the selection
of all probe functions. Moreover, this is the main rela-
tionship between the Rough sets and Near sets that
Peters mentioned [5].

Theorem 1. Let (O, F, ~p,, N.(B)) be a Nearness
Approximation Space, X € O and (X, t) be a topo-
logical space. Then & and X are r-near open sets.

Proof. This is obvious from @} = @ and X} = X.
[ ]

Theorem 2. Let (O, F,~p,, N(B)) be a Near-
ness Approximation Space, X C O and (X, t) be a
topological space. If (G)f € T}, for all i € I, then
Uier(G))f € t¥,where I is an arbitrary index set.

Proof. Let (G;); € 7, foralli € I. Then
G)f = U .
(G 18, NG # @[X]B,

On the other hand,

U V= U U =
ieI(G’)’ icl ([x]BrﬂG,- + g[x]3,>
[x]B,.

[XJB,ﬂ( u Gi) + 9
iel

Since 7 is a topolgy, 'UIGi € t,thatis Ui/ (G))f € T
1€
|

Definition 8. [11] A subclass " C P(X) is called
supra topology on X if X € t* and 7* closed under
arbitrary union.

Corollary 1. Let (O, F, ~p,, N-(B)) be a Nearness
Approximation Space, X C O and (X, t) be a topo-
logical space. The families T are supra topology on
X.

Theorem 3. Let (O, F, ~p,, N.(B)) be a Nearness
Approximation Space, X € O, (X, t) be a topologi-
cal space andr < s < |B|. Then followings are true;

(1)IfG C H, then G} C H}.

(2) If B, C By, then [x]p, C [x]B,.

(3) G € G, forall G € .

(4) G¥ <€ G}, forall G e t.

(5)If G € Tt and xo € G, then G} is a neighbor-
hood of x.
Proof. (1) Let G € H. Then G} = U [x]B,

[x18.NG # @

c U

- [x]p, = H;.
(15, NH # &

2
[x]p, ={x' € X :x «p, X'}
={x' e X: {(x,x): p(x) = o), Yo € B}
C¥eX: {(xx): ok =o9k), Yo € B}
={xeX:xwp ¥}
= [x]p,
3)G=U{x}c U
xeG

[x]18.NG # &
@ Gy =

[x]g, = G}
= U [x]B, © U [x]1p, =G
[x]15,NG # @ [x]5,NG # @ ‘

(5) Obvious from (3). |

Definition 9. Let (O, F, ~p,, N,(B)) be a Nearness
Approximation Space, X € O and (X, 7) be a topo-
logical space. If there exists a G} € ) such that
x € G € G} € N, then N is called r-near neighbor-
hood of x. If N r-near open set, then N is called r-near
open neighborhood.

The family of all r-near neighborhood of x is
denoted N¥(x) and the family of all r-near open
neighborhood is denoted as 7, (x).

Example 2. If we consider Nearness Approxi-
mation Space in Example 2 and 75 = {@, X, {c},
{a,b,c,e, f}}.Then N5 (b) = {{a, b, c, e, f}, X}and
5(0) = {X, {c}. {a, b, c, e, f}}.

Proposition 1. Let (O, F, ~p,, N.(B)) be a Near-
ness Approximation Space, X C O and (X, t) be a
topological space. Then followings are true;
(1)If N € N (x), thenx € N.
(2)If N1 € N} (x)and N1 C N, then N» € N} (x).
(3) If N;,Na2 € Nj(x), then N| N N2 € N¥(x).

Proof. (1) Let N € N (x). Then there exists a G} €
7' such thatx € G € G} C N. Therefore, x € N.

(2) Let N € N¥(x) and N; € N,. Then there
existsa G} € 7/ suchthatx € G € G} € N; C N».
Therefore, Ny € N (x).

(3)Let N1, Ny € N/ (x). Then there exist G}, H €
¥ suchthatx e G C G C Nyandxe HC H} C
N>. Since t is a topology, GNHet, xeGN
HC(GNH)CG*CNandxe GNHC(GN
H)! € Hf € N.Consequently,x e GNH C(GN
H)! € N1 N Na. |

Proposition 2. Let (O, F, ~p., N.(B)) be a Near-
ness Approximation Space, X € O and (X, t) be a
topological space. If U neighborhood of x, then
N,(B)*(U) is also a r-near neighborhood of x.

Proof. Let U be neighborhood of x. Then there exists
a G € 7 such that x € G C U. On the other hand,
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GC
U [x]g, C
NG + @

=

since G = N.(B)*(G) = [
U = N (B)*(U),

[x]s,mUsﬁ@[x]B’ +(B)*(U)

N-(B)*(U). This completes the proof.

x1B,
xeGCGrC

Theorem 4. Let (O, F, ~p,, N.(B)) be a Nearness
Approximation Space, X C O, (X, t) be a topolog-
ical space and r < s < |B|. If N € N}(xo) for all
x0 € X, then N € N (xo).

Proof. Let N € N;(xp). Then there exists a G € 7'
such that xo € G € G} C N. Since G} C G} by
Theorem 2 (4), xo € G € Gi € G} € N. This com-
pletes the proof. ]

Definition 10. Let (O, F, ~p,, N,(B)) be a Nearness
Approximation Space, X C O, (X, t) be a topologi-
cal space and A C X.

(1) The setof cIfA = N{F} : F} is ar-near closed
setand A C F}} is called r-near closure of A.

(2) The setof intf A = U{G} : G} is a r-near open
setand G C A} is called r-near interior of A.

Example 3. Let us consider the Nearness Approx-
imation Space and 3 = {2, X, {c}, {a,b,c, f},
{b,c,d, e, f}} in Example 2. If A ={a, b, c,d, f},
then the interior of A is intf A = {a, b, ¢, f} and the
closure of A is c[fA = X.

Theorem 5. Let (O, F, ~p,, N.(B)) be a Nearness
Approximation Space, X C O, (X, t) be a topolog-
ical space and A, B C X. Then the followings are
true;

(1)If A C B, then cl}A C cl}B.

(2)If A C B, then int: A C int}B.

Proof. (1)
ACB={F':Ffet* BCF")
C{F':Fretk ACF¥
= N{F': Fet* ACF)
CNF: Ffet* BCF)
= cl!A Ccl'B

2)
ACB={G;:Giet, G C A}

C{G}:G;et, G C B}
= U{G} : G} e T}, G} C A}
CU{G}: G e, G} € B}
= intfA Cint’B

Proposition 3. Let (O, F, ~p,, N.(B)) be a Nearness
Approximation Space, X C O, (X, t) be a topologi-
cal space and A C X. Then the followings are true;
(1) X\intf A = cl’(X\A)
(2) X\clf A = int}(X\A)

Proof. (1)
X\int* A
= X\ U{G} : G}is r-near open set and G; C A}
= N{X\G} : G} r-near open set and G} C A}
= N{F} : F} r-near closed set and X\A C F}}
= cl*(X\A)
(2) The proof is similar to proof (1). |

Theorem 6. Let (O, F, ~p,, N.(B)) be a Nearness
Approximation Space, X € O, (X, t) be a topo-
logical space and A C X. x € CI*A if and only if
NNA=#@ forall N € N} (x).

Proof. Let x € CI*A. Then x € N{F} : F r-near
closed set and A C F;}. Suppose that NNA =@
for N € Nj(x). Since N € N/ (x), then there exists
a Gy e tfsuchthatx € G € G C N. Hence Gy N
A = @.1f we choose F¥ = X\GJ,then A C F} and
x ¢ FF. Consequently, x ¢ N{F : F) r-near closed
setand A C F}. This is contradiction.

Conversely, let NN A # @ for all N e Nf(x).
Suppose that x ¢ CIfA. Then x ¢ N{F} : F} r-near
closed set and A C F}}. Therefore, there exists a
FY r-near closed set include A such that x ¢ F. If
we choose G} = X\F}, G} € t} and G} € N/(x).
Moreover, since A € F), AN G} = @. This is con-
tradiction. ]

Definition 11. Let (O, F, ~p,, N.(B)) be a Nearness
Approximation Space, X C O, (X, 1) be a topologi-
cal space and A C X. The set of CoreA = {x € X :
xe G C G < AveG e 1} is called core of A.

Proposition 4. (O, F, ~p , N.(B)) be a Nearness
Approximation Space, X C O, (X, t) be a topolog-
ical space and A C X. Then the followings are true;

(1) CoreA C int} A

(2) intfA C intA

(3)clA C clfA

Proof. (1)
x € CoreA

>xe{xeX:xeGC G CAveG el
= Then there exist G € T suchthatx € G € G; C A.
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= Then there exist G} € 77 such thatx € G C A.
= x €intfA

(2) Let x € int}A. Suppose that x ¢ intA. Then
x ¢ U{G € t: G C A}. Therefore G ,¢_ Aforallx €
G € . Thus G} ¢ A for all x € G € 7). Conse-
quently, x ¢ intFA. This is contradiction.

(3)Letx € clA. Suppose that x ¢ cl A. Then there
exist N € NJ(x) such that NN A = @. Since N €
N} (x), then there exist G € v such that x € G C
G} C N.Therefore, N € N(x)and N N A = &. This
is contradiction. |

3. Sequences

Definition 12. Let (O, F, ~p,, N,(B)) be a Nearness
Approximation Space, X € O, (X, 1) be a topologi-
cal space and (x,,) be a sequence in X. The sequence
(x,,) convergence to xg and, denoted x;, 5 xo, if and
only if each N € N (xp), there is ng € N such that
n > ng implies x, € N.

Example 4. Let X = {a, b, c,d, e, f}, B={¢1, 92,
@3} be a set of functions representing object
features and t = {@, X, {b}, {a, b}, {c, d}, {b, c, d},
{a, b, c, d}}. Then the function ¢; defined as
\ a b ¢ d e
o1 |0 1T 0 2 2
|0 1 0 1 1
3|0 2 0 1 2
Let us construct the equivalence classes for each r-
combination. These equivalence classes are formed
as
[aligy) = {a, ¢}, [Dligy) = (B}, [dlyy) = {d, e}
[alipy} = {a ¢}, [Bligy} = (b, d, e}
[alips) = {a, c}, [Pligy) = (b, e}, [d]{yy) = {d},
lalig1,p0) = fa, ¢}, [Blig), 00 = {Dhldlig),00) =
{d, e}
lalipr.ps) = {a. ¢}, [Dligy.p5) = B}, [dligy.05) =
{d}, lelig),p3) = {e}
d}[a]{wz,%} = {a. c}, [Dligy.¢3) = {b. €} [d]igy.03) =

[alig1,02,05) = {a, ¢}, [b1(p1,02.03) = {b}
[d)ig1.02.03) = {d}. [elip1.00.05) = {e}-

Then f = {@, X, {b, d, e}}. Similiarly 73 = {&,
X, (b, e}, {a,b,c,e},{a,c,d,e}} and 73 = {0, X,
{b}, {a, b, c},{a, c,d}, {a, b, c,d}} and on the other
hand

Ni@ = (X}, Nj(b)={(X.{b.d.e}}, Njc)=
(X}, N{(d) = {X}. Nj(e) = (X)

Nj(a) = {{a, b, c, e}, X}, Ni(b)={UcC X:
(b, ¢} € UL, N3(©) = {X}, N3(d) = {{a ¢, d, e}, X},
Ni(e) = (X)

N3(a) ={U S X :{a,b,c} CU},N3(b) ={U C
X:{b}CU}, Nij)={Uc<X:{acd}CU}
Ni(d)={U € X : {a, c,d} C U}, Nj(e) = {X}.

The convergences of (x,)=(a,b,c,c,b,a,b,
a, b, a, ...) for the topologies above are

1 2 3
Xpn—a | xpn—>a | x,—>a | x, > a

1 2 3
Xp»b | x4+»b | x4 »b | x4 »b
1 2 3
Xp=>C | Xp—>cC | Xp—>cC | Xy »c

1 2 3
X, »d | x,>d | x,»d | x, »d

1 2 3
Xp—>e | xp—>e | x,—>e | xp >e

If we analyze the example above, it can be seen
that there is a relationship between the convergence
of (x,,) on T and on r-near topologies. Let us give this
relationship with the following theorem.

Theorem 7. (O, F, ~p,, N.(B)) be a Nearness
Approximation Space, X C O, (X, t) be a topo-
logical space and (x,) be a sequence in X. Then

followings are true;

(1) If xp, = X0, then x, 5 X0, forallr <s.
(2) If x,, = xo, then x, 5 xo, for allr < |B|.

Proof. (1) Let r < s and x, = xo. Then there exist
no € N for all N € N} (xp) such that x, € N for all
n > ng. By theorem 2, for all N € N7 (xo),there exist
n1 € N such that (x,,) € N for all n > ny. Therefore
Xn _r) X0.

(2) Let x,, — xo and r < |B|. Then there exist a
no € N for all N € N(xg) neighborhood such that
Xn € N for all n > ng. Therefore, since all G open
set, which contains xp, is a neighborhood, there
exist an n; € N integer such that x, € G for all
n > ny. Consequently, there exist an n; € N inte-
gerforall N € N (xo) r-near neighborhood such that
x, € G S G C Nforalln > nj.

Conclusion 1. This article is the first study to investi-
gate topological structures on near sets. The obtained
results will be a reliable reference to the future
researchs.
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